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Abstract—Based on accurate measurements of a cooled tube the frost thickness turns out to be independent
of the variables commonly significant on mass transfer, such as Reynolds number and vapor pressure
difference. The frost thickness rather follows the law of crystal growth which is largely affected by the ratio of
supersaturation and conduction of the heat of sublimation delivered when the molecule is incorporated into
the lattice. The equation derived from a simplified model, satisfies the measured values with a probable error
of +3.7%,. The calculated values are in good agreement with experimental resuits of previous investigators
even in the case of different geometrical shape and arrangement of the cooled surface as well as different kind
of flow.

NOMENCLATURE
A,,  cross-section of ice needle;
C,+Cs, constants;

F,, function defined by equation (12);
Ahg, specific latent heat of sublimation;
ky, thermal conductivity of water-ice;

m,m, mass, mass flow rate;

n, exponent;

, partial vapor pressure of air;
r, vapor pressure of saturated air;

Py, pressure of saturated vapor at frost
surface temperature ;

Qs  total heat delivered by sublimation;

Re,  Reynolds number;

Rs,  ratio of supersaturation;

t, air temperature;
i, frost surface temperature ;
ty, melting point temperature of water-ice;
ty,  wall temperature;
X s frost thickness.
Greek symbols
11, ratio defined by equation (10);
p;,  density of water-ice;
T, time;

o, relative humidity.

1. INTRODUCTION

WHEN heat exchanger surfaces are cooled at tempera-
tures of below 0°C, usually frost formation occurs. This
phenomenon common in the field of refrigerating and
air-conditioning techniques has an adverse effect upon
heat transfer and pressure loss. Hence the growth rate
of frost holds a key-position considerably influencing
both the thermal resistance of the frost layer and the
pressure drop of the air cooler. Until now there has
been a need of a relationship which allows prediction
of the frost thickness according to the environmental
conditions. Experiments will be presented resulting in
an equation capable of predicting the frost growth rate.

2. ACTUAL KNOWLEDGE

It is known from previous investigations [ 1, 2] that
the frost growth rate varies with time according to a
parabola-like function. The frost thickness increases
with decreasing temperature of the cooled surface and
with increasing relative humidity of the air stream.
Special emphasis should be put on the result of Kamei
et al. [2] who found the frost growth rate to be
independent of the Reynolds number. This finding is
verified in a later investigation by Yonko and Sepsy

(1]

3. SCOPE OF EXPERIMENTAL RUNS

For experiments a cylindrical tube of 47.5mm O.D.
was used. The tube was placed in a closed-loop wind
tunnel, where the dominating variables, such as tem-~
perature, relative humidity and velocity of the air
stream as well as the surface temperature of the cooled
tube could be held constant with great accuracy over
a long period of time.

The tests were run over a range of air velocities from
1.2 to 10 mys. It was possible to vary the air tempera-
ture from 5 to 15°C and the relative humidity from 50
to 100%;,. The temperature of the cooled tube was
varied from ~ 35 to —30°C. Based on these conditions
the frost surface temperature, hardly accessible for
accurate measurements, usually took the value of 0°C.

4. EXPERIMENTAL RESULTS

InFig. 1 thefrost thickness x . is plotted against time
7 as a function of temperature ¢, of the cooled tube
wall. Different symbols have been chosen to represent
each measured value according to its Reynolds num-
ber. The illustration shows that in spite of different
Reynolds numbers, values taken at the same wall
temperature ty, can be represented with good accuracy
by one curve. Thus, the findings of Kamei et al. [2] and
Yonko and Sepsy [1] are verified.

A result causally similar to that one above is shown
in Fig. 2, where the frost thickness x is plotted once
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FiG. 1. Effect of Reynolds number and wall temperature on
frost growth rate.
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F1G. 2. Effect of humidity content and wall temperature on
frost growth rate.

more as a function of the wall temperature t,. In
opposition to Fig. 1 each curve represents measure-
ments carried out at different air temperatures t. The
air flow was nearly saturated in all four cases. This
means that the vapor pressure difference existing
between the air stream and the frost surface, at air
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temperatures of 15°C is nearly two times as high as at
5°C. According to the mass-transfer equation, one
should expect the values obtained at the same air
temperature to form one curve. But in fact, those
values do coincide which were taken at the same wall
temperature.

These two striking facts will be explained later on.
For the present the result should be kept in mind, that
the frost growth rate is independent of both Reynolds
number and vapor pressure difference between air
stream and frost surface.

5. CORRELATION OF EXPERIMENTAL RESULTS

[t seems not to be evident, that the wall temperature
1y should greatly affect the frost growth rate, because
this value only exists on the cooled side of the frost
layer. The temperatures prevailing in the interior of the
layer are above t,., continuously rising up to the
temperature ¢ of the frost-air interface.

In the case of the four runs shown in Fig. 2, the frost
surface temperature reached its upper value of 0°C
within an average time of 2 h after starting the test. At
this time the temperature difference 15—ty too, was
equal for two runs at a time, being 149 and 24.9°C
respectively. Therefore the temperature difference
tp—ly existing in the whole range of the frost layer
must be considered as a significant variable with
regard to the frost growth rate.

In order to get a more complete insight into the
mechanism of frost formation, a single needle of ice will
be regarded, its length being x and its cross-section A,
{see Fig. 3). The portion of water-vapor dm sublimates

Te i
* dx 3
Ay {
X ¢
Tws i
ST
Fia. 3. Model of frost needle.

at its top, causing the length of the needle to increase
according to the portion dx . Thus the quantity of heat
dQ, delivered by condensation into the solid phase, is

dQg = Ahg-py A dxy. (H

In equation (1), Ahg represents the specific latent heat
of sublimation, p, the density of water-ice. In addition
to the heat transferred by convection, the quantity dQ
is conducted throughout the needle by means of the
temperature difference ¢ —t,. If one adopts the tem-
perature distribution inside the needle to be linear,
which approximately holds true for the first 10 h after
starting the test [3], one gets

:—gp.k['/’lln(ll‘wtw)'df' (2)

In equation (2) C, -k, represents that portion of the



Equation of the growth rate of frost forming on cooled surfaces

thermal conductivity k, of water-ice necessary to
conduct the heat dQg through the needle. Com-
bination of equations (1) and (2) yields

=C —;&—« 1jz['t(t -t )]”2 3)
Xrp =Ly Ahs-p, Flw

where
C,=@2 Co)l/z- 4)

Since the value of C, is unknown, the constant C, has
to be evaluated by experiment.

Looking at equation (3) the relationship concerning
temperature difference f.—t,, and time 7, may be
expressed by power functions, the value of the ex-
ponent being 0.5 in both cases. If this holds, will now be
verified by measurements.

The experimental resuits, when plotted against time
7 on log-log paper (see Fig. 4) clearly show, that the
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FiG. 4. Variation of frost thickness with time at different wall
temperatures.

frost thickness x, may be represented by a set of
straight lines. The exponents of t being different for
each run, the extreme values do not exceed the range
between 0.43 and 0.51. Since it was not possible to find
out a distinct dependence between these exponents
and other parameters of the tests, an average value has
been adopted being 0.47. It is only 6%, below the value
predicted by equation (3).

Figure 5 illustrates the influence of the temperature
difference t,—t,,, existing across the interior of the
frost layer. The frost thickness x, has been divided by
the functions I1%?° and F,, which will be discussed
later on. The values of x, line up well along straight
lines with logarithmic coordinates. The exponent of
ty—ty takes the value 0.49, well confirming equation
(3).

Equation (3) has been developed by means of a
simplified model of the frost layer, not considering
several processes which take place in the interior and
at the surface of the frost layer. This concerns the
period, in which the frost deposit initially existing of
single needles which are orientated normal to the tube
wall, begins to mesh. This concerns, too, the migration
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tp—tw.

of water vapor inside the permeable structure and the
processes of local melting and condensation that cause
the temperature distribution to deviate from its linear
shape [3]. Evidently these processes are taken suf-
ficiently into consideration by adapting the exponents
of 7 and t;—t, to the real situation. This will be
verified by measurements of different investigators,
particularly by the long-time runs of Schropp [4].
Thus equation (3) passes into a non-dimensionless
form which will be retained with regard to the
advantages explained above.

’ C kl 2
Xp = z[m T (tp—tw)]

T\ oty
X(ﬁ) ( 1K

4

}"0.01‘ (5}

7

In equations (3) and (5) the relative humidity of the air
stream has not been taken into account. Hence
equation (5) only holds for a certain value of relative
humidity. It shall be assumed that C, has been
evaluated for the case of saturated humid air. This may
be indicated in equation (5) by using x} instead of x.

The mass-transfer rate m to crystals growing from
solution according to McCabe [ 5] is a function of the
ratio of supersaturation Rg.

= C3'(RS—'1)"' (6}

Since for crystals growing from the gaseous phase the
same mechanism is true, equation {6) may be used.
Composing Ry of the vapor pressures involved in the
problem, the quantity of water vapor condensing at
the top of a frost needle is

S \n
m == C4'<£—_—,&) =Cs xp

Pe /
where p represents the partial vapor pressure of the air
flow and p; the pressure of saturated vapor at the
temperature t. of the frost surface. The values of C,
and n have to be evaluated from the test data.
Remembering the relationship between length x, of a

)
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frost needle and m to be linear, this is exprimed, too. by
equation (7), C being a constant factor.

In the case of saturated air p is replaced by the
pressure p’ of saturated vapor. Thus equation {7)
passes into

/

, Py
m=Cy |———) =Cs X} {8)
4 ( pp ) 5 I
Combination of equations (5), (7) and (8) yields
k 1:2
Xp= Cz z&ﬁsl\p; T'(tl; tW)
T 003 ety | 0.01 .
() (™) e
where
n=?""rr (10)
D — P

In Fig. 6 this relationship is illustrated at different
hours after starting the test. The values of x,, divided
by functions [(t,—1,)/1K]%*® and F,, line up well
along straight lines when plotted on log-log paper.
The exponent of IT takes the value

n = 0.25. (11

»
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F1G. 6. Modified frost thickness as a function of ratio I1.

The frost thickness decreases | see equation (9)] when
the temperature difference t,—t, existing between
frost surface and tube wall tends to zero. At wall
temperatures not far below the melting point, this is
true only with restriction as the mechanism of frost
formation obviously undergoes a transition. When the
air temperature is considerably above 0°C the frost
surface fast becomes humid. Condensate soaks into the
porous frost structure and freezes, forming a layer of
ice. Upon that new water-vapor condenses and freezes.
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At these conditions the rate of mass transfer to the
surface 1s important due to the high vapor pressure
gradient even at lower relative humidities. Therefore
the increase in frost thickness is more important as it
might be expected by the temperature difference
1 -ty This influence on the frost growth rate may
be taken into account by an empirical function

F,=1+0052 ¥ (1)
Ty iy
where t,, represents the melting point temperature of
water-ice. If the air temperature is below 0°C, the value
of F, consequently must be set unit.
The complete equation representing the frost
growth rate may then be written

k

Xy = ().465} L .

Al
L= 0.03

" (1:1 ) ([1’1:1\'{” )

.01

no.lSFr_ { 1 3)

Equation (13) satisfies the measured values with a
maximum error of +10% in the range of | < ¢ < 8h.
The probable error is +3.7",, slightly exceeding the
error of measurements. Even in case of those runs.
which were extended to 28 h, the deviations are in the
indicated range.

A reduced reliability of equation (13} 1s forthcoming
in the range of 1 < | h. Cinephotomicrographic studies
performed by Biguria and Wenzel [6] show, that a
continuous transition of the mechanism of heat and
mass transfer is characteristic for the first period of
frost formation which takes place within {5-45min
after starting the test. Consequently u different
relationship may be true of the carly stages of de-
position than of the subsequent quasi steady state, 1o
which this presentation refers.

Equation (13)enables at least estimation of the frost
growth rate of any given lwo-component system
unless it is supersaturated. It was not possible to verify
the accuracy of equation (13} in these cases, as
qualified measurements were not available.

6. INTERPRETATION OF RESULTS
When a crystal grows from the gaseous phase the
molecules which form the lattice initially are adsorbed
at the crystal surface. Centers of preferred adsorption
are represented by corners, edges and interfaces of
phases. In most cases the molecules corresponding to
their temperature dispose of thermal energy. sufficient
to change the place of initial adsorption. Migration
along the surface takes place until the local position is
reached where the molecule is built into the lattice with
maximum decrease of the interfacial energy, Favour-
able conditions of mass transfer are given in the
boundary layer of thin dendrites. Therefore the sup-
position may be allowed. that the processes which take
place at the interface of the phases represent the

controlling eflects on the mass-transfer rate.
This kind of interpretation would be incomplete
unless another process is taken into account which
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occurs, too, at the early stages of frost formation.
According to the theory of nucleation [7] a certain
number of molecules is necessary to form through
cluster formation a new embryo. The probability of
this process depends on the quantity of water vapor
molecules present in the neighbourhood of the cooled
surface. Nucleation therefore means consumption of
water vapor molecules which are continuously re-
placed by new molecules coming out of the bulk flow.
This transfer process depends on the vapor pressure
difference between air stream and cooled surface and
on the Reynolds number. The explanation agrees with
cinephotomicrographic studies carried out by Biguria
and Wenzel [6] who observed an increase of nuc-
leation with rising air velocity. This explanation is
justified, too, by the observation [8, 9] that the distri-
bution of frost needles along the circumference of a
cylinder corresponds to that of the transfer coefficient.

Thus the mass-transfer equation still rests valid even
in the case of frost formation. Instead of the growth
rate, the rate of nucleation is affected by a change of the
transfer conditions resulting in a corresponding
change of the frost density. The frost thickness on the
other side depends on the principles of crystal growth.
The latter is controlled by the ratio of supersatu-
ration represented by the function II. It depends, too,
on the conditions prevailing to conduct the heat
of sublimation across the frost layer.

In this way the results presented at the beginning
could be explained which showed the frost growth rate
to be independent of the Reynolds number as well as of
the vapor pressure difference between air stream and
frost surface. For the same reason the frost thickness is
independent of the position along the circumference of
the tube. This observation agrees with observations of
Biguria and Wenzel [ 6] who studied a flat plate.

7. COMPARISON WITH PREVIOUS INVESTIGATIONS

In Fig. 7 values calculated by equation (13) are
compared with measurements of the frost thickness
obtained by different authors.

Frost formation and heat transfer on a cylinder
surface (89.5mm O.D.)} in cross flow was studied by
Trapanese [10]. The same was done by Prins [8] using
a staggered tube bank (38.5mm O.D.). Measurements
concerning a horizontal tube (50 mm O.D.) in natural
convection were carried out by Schropp [4]. The tests
were run over a range of 250-300h presenting the
opportunity to verify equation (13) for long periods of
time. Schropp’s investigation confirms that it has been
correct to adopt the value of 0.47 for the exponent of
time 7 [see equation (5)]. The original value of 0.5 in
contrast would have produced average deviations of
17%. Frost formation on a cylinder (32mm O.D.)
forming an annulus with a concentrically arranged
tube was investigated by Kamei ez al. [2], while the
experiments of Lotz [11] are concerned with an
extended surface coil.

Most of these values are in the indicated range of
+10%,. This is true without restriction for all tests, in
which the temperature of the frost-air interface is
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known [8,2]. Maximum deviation appears in the case
of Lotz’s measurements where both frost surface
temperature and temperature of the cooled fin were
unknown and have been evaluated by approximation.

Although the diameter of the test tubes varies in the
range of 4:1, no influence on frost formation is
forthcoming. The curvature of the cooled surface
therefore seems to be of subordinate importance.

The test conditions of the above mentioned authors
being extremely different to some extent verify the
considerations made above. Hence the frost thickness
is independent of the ambient conditions of mass
transfer. The same is true of the geometrical shape of
the flow channel as well as of the kind of flow.

8. CONCLUSIONS

The frost thickness turns out to be independent of
the conditions commonly significant for mass transfer
such as arrangement of the test surface, vapor pressure
difference between air stream and frost surface and
Reynolds number. On the other side ratio of super-
saturation and capability of frost to conduct the heat
of sublimation delivered when the molecule is built
into the lattice, both effects of crystal growth, largely
affect the frost growth rate.

The frost thickness may be represented by a sim-
plified model to be the square root of time and
temperature difference between frost surface and
cooled wall. The various processes occuring at the
frost-air interface and in the neighbourhood of the
cooled wall are taken into account by adjusting the
exponents of both variables. The effect of relative
humidity was taken into consideration correspond-
ing to the theory of crystal growth by the ratio of
supersaturation.

The derived equation satisfies the measured values
with a probable error of +3.7%, the maximum error
being +10%. The calculated values are in good
agreement with experimental results of different test
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arrangements. Thus previous considerations were con-
firmed.

As equation {13) includes all properties involved
into the problem application to any given non-
saturated two-component system seems possible.
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EQUATION DE LA VITESSE DE CROISSANCE DU GIVRE
SUR DES SURFACES FROIDES

Résumé—Des mesures précises sur un tube refroidi montrent que Uépaisseur de la couche de givre est
indépendante des paramétres spécifiques du transfert de masse, clest a dire du nombre de Reynolds ¢t de la
différence de pression partielle de vapeur d'eau entre le courant d'air et la paroi {roide. Elle obéit par contre &
la loi de formation du cristal qui dépend tout d'abord du rapport de sursaturation et des conditions de
passage de la chaleur de sublimation dégagée a Uincorporation des molécules dans Pédifice cristallin,
L’equation etablie 4 P'aide d'un modéle simple représente des données expérimentales avec une erreur
probable de + 3,7, Les valeurs calculées sont en bon accord avec les résultats expérimentaux des auteurs
précédents, méme dans Ie cas de formes et de dispositions différentes de [a surface refroidie ainsi que de types
differents d’écoulement.

EINE GLEICHUNG FUR DAS ANWACHSEN VON RAUHREIF
AUF GEKUHLTEN OBERFLACHEN

Zusammenfassung—Im Gegensatz zur Theorie der Stoffiibertragung erweist sich dic Reifdicke aufgrund
genauer Messungen an einem gekdhlten Rohr als unabhingig von der Reynolds-Zahl und von der
Dampfteildruckdifferenz zwischen Stromung und gekihlter Rohrwand. Sie unterliegt vielmehr dep
GesetzmiBigkeiten der Kristallbildung, fiir die in erster Linie das Ubersittigungsverhiditnis und dic
Bedingungen fiir die Fortleitung der beim Einbau in das Kristallgitter freiwerdenden Wiirme maBgebend
sind. Die anhand eines einfachen Modells entwickelte Gleichung gibt die eigenen Messungen mit einem
wahrscheinlichen Fehler von +3,7%, wieder. Ein Vergleich mit fremden Versuchsergebnissen fihrt selbst bei
erheblichen Unterschieden von Gestalt und Anordnung der gekthiten Fiichen sowie Art der Stromung aul
gute Ubereinstimmung.

YPABHEHUE /18 CKOPOCTU HAPACTAHMS MHEA HA OXJIAXKIAAEMbBIX
MOBEPXHOCTAX

AnnoTanus — TOUYHBIC H3MEPEHHA Ha OXaXA2eMOH TpYOKE NOKA3A/IH, MTO TOJIINHA HHES HE 3aBUCHT
OT TAKHX TIEPEMEHHBIX, KAk yicno Pefinonbaca # pa3roCTs AaBieHult napa, KOTopbie OOLIMHO UMEOT
Gonbuioe 3HaueHe npu maccooOMene. Cxopee HapacTaHWE MHES NOJYMHACTCR 33KOHOMEDHOCTAM
pOCTa KPUCTAINOB, Tae SONBUIYIO POk UTPAOT KODUUMEHRT CBEPXHACHILUCHMA ¥ TennoTa cybam-
MaIlUH, Bhifle/ideMas NP NPUCOSIUHEHUH MONEKYJibl K PelueTKe KpucTaia. BeieeaenHoe Ha OCHO-
BAHMM YIPOIICHHOM MOIENH ypaBHEHHME XOPOINO ONUCKLIBACT H3IMEPEHHLIC 3HAYCHUS B Hpeaenax
norpeHocT + 3,7 %, TeOpeTHYECKHE PE3yNbTATh XOPOLIO COrNACYIOTCSH € 3KCNEPUMEHTANbHBIMY
AAHHBIME OpPEAbLAYLIMX HCCHENOBATENeH Aaxe B Cyyae OPYroi reOMETpHM OXNaXaaemoW no-
BEPXHOCTH ¥ €€ PACIIONONKEHHSA, a TAKXKe APYIHX BHIOB TCYCHMS.



